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THE EITICT QF LFNITH OH THE ARRODYNAMIC CHARACTERISTICS OfF
BODTET OF REVQLJUTICN IN SUPERSONIC FLICH?

ABSTRACT

As 8 remtit of a Joint intersei'vice research sffart, the Army=
Navy 8pinns: Resiet program cousisting of more than three hundred
models of varioue lengths has been fired on MRM's precision Fres
Tight Spark Range. The data obtained a-o-ﬂnnurﬂ.ngsman!q-
sed to prmvide a goud determinatiom of the effoc’ of moded

on the asrodynamic coefficients for supersonis Mach mwbers. The
ctfect of length on dyramdc stability 1s ~msidered in detail. ,

‘ Appendices provide s summary of thooretical relstions, conweraion
relations betwean asrodynamic and ballisetic nmenclature, and s full
tabulation of the experimantsl data.
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INTROLUCTION

In 1946 an intemsive prograa investigating uhe dynaric propertiss
of 1pirning missiles in parsonic flizht was instituted se » joint
interservice effort. The Army through the Mree Mlight Aerodynanmics
Pranch cf the Ballistic Roszarch lahosatcrirs agresd to marmuracture,
ncasure, and fire tL3 one hwired and t'Crtv-0ve uodels required by
the program and thx' Navy agreed to contribute the pla‘te measurenent
and data reduction facilities of its ccmputing group under Dr. Zdanek
Kopal at the Myssachuswtts Institute of Technology. A1rwpm o the
data raduction process was issued by the M.I.T. group.

The basic Lrterest of the progran waz in the dnarric stability
of spinning bodies of revolutian with an erphasis cn configurations
possessing large fineress ratics. Of the six ballistic oefficients
of the Kelly-McShane Linearized theory which affect dynaxis stabjiiity,
very feov measurensnts of the Magms mament coefficient, 'r( » and

the daxmping mament crefficient, ¥, (C, ¢ c"‘), had been made.
Q

Intarmation on these cueiliciants vas tharerors to be «n important result
of the prozom Since these quantities are functions of the cen.er of
nase loation, th™we force coefficisnts whiich characterise these functions
210 had tc ta found. Thess werw tha Magmsa forea sneffeoimt, .

xr(c, ), the dexping force coefficient, ‘s("u . c"‘). and the normal

pa q
force coefficient, x.(c-\. ). The remaining three ballistic coefficients
e
are the owrturnlag wment, &(CH ), vhich is of prime importa .s to
%

gyroscopic stabiliiy and 1s essential for cousideration of dynamic
stability, and the two axial coefficisuts' adal drag, I’.D( cD) , and

spin decelsration, !‘(C‘p).

The deterrunaiion of most of these ballistic coefficients especially
K and Ky is usvally quite difficult ic. wind tunnels and hence the

aslection of FAL's Free Flight Spark Hange for the stuay wvas a logical
choics, This rangs =t precent consista of forty=aix snark satations which

). Kopal, Kavaragh, and Rlier, » Mamual of Reduction nf Spinnar Resis.

—

Soaduwgrams, Center of Anaiyeis, lec:. Repte No. L vout of print).

2. The symbols appearing in parenthesis aftar the ballistic coefficient
are th» corresponding aerodynamic ccefficisnt. See Appendix P for a
discusaion of tho precise correspondenzsn, Brackets will be used to
identify the naber of individual publications listed in the Neferences.
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are tistributed over a distance of twomgxd aighty feet.l
Fgur= 1 shows » viaw looking Jdown range with the spark cylinders
on the left and tha plats holders on the right. Tho brass squares,
located at each station, ahield single loops of wire which form part
of the electrostatie tr gusring elvcuit. As the gun launched models
pass aach of the spark atations acvurately located to 0,001 faet,
they are phutographed simultaneously in the vertical end ucrizontal
planss bty a short duration spark dischsrge. The %ime o. occurrence
of the discharge for ten of .ne staclor® is mearursd % an wisw-cy

of 10°° seconds. Prom the photograpns the spatial coordinatas of the
uissile are obtained to an accuracy of .001 feet in position and

three mimites of arc in angular orientation. The %2llistic coefficients
are coputed from thesa data. [10] .

¥When the prograr was originally set up it was decided that five
rounds wers necessary to determine one value. Since ii was plannad to
obtain reliable values »f tha force cowfficients from the yawing wotion
of identical shapes possessing diffarent centers of mass, this resulted
in the requirement that three different cente> of mass poaiclions for
each shapé be fired. In order to study stability over a reasonable
rarige of supersonic Mach numbers data were to be obtiined at three

Mach numbere, 1.3, 1.9, and 2.5.5 These considerations weant that
fort=04ve cousk 3 would be needed to complete the study of each design.

Body leng'n was selectad to be the basic design variable and the
shape wvas to bYe representatiwe of sarvice spinner rocket decigna. ¥Yor
these reasons thd cammon head ahaps was choson %o be a secant ogival

head two ea.ibora’ long whose radius of ogive was twica the tangent
ogival radius. Three body lengths of three, five, and seven ca.ibers
were agresd upon and thns fizmd the program size at 135 modaun. 4
drawing of the configuration with the actusl center of mass Josztian
indicated is shown in Figure 2 and a tatvlation of the physical character-
istics of the uoiela is given in Table C1 in Appendix C.

In order to be able %o make flow computations a smooth contowr was
required and hence no rotating band was used. -Spin was iuparted 4§
means of a pre-engraved aluminum sabut placed immediately bohind the
model. At first friction coupling was employed but later it was iJound
to be necessary to connect mcdel and sabot by msuns of a crucifom key.

1. Ses [8] and [9] for descriptions of the range. Appendax A >t[30)
gloss 1 more recant &:scriptisn ~f she vange.

2. At the tima the intermeciate M: L Lwroer firings were made, no suit-
able gun wa. availatle and hence the fiiings were mads at the slightiy
lower Mack number of 1.8. Later using a gun contributed by ths Naxy,
it was possible to rire a% the high Hach mmber of 2.5.

3. A caliver is one diameter. In this prrogram 20r: models swre usad snd
hence one calibver correuponded to 20mm.

.
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Finailv a copper obiurating cup was placed bohind the satot. A modal
with its key, sabot, and cupper cup is shown in Figure 3. Although
" these auxiliary launcaing caponents usually separated quite auicily

from the model due to their I igh drag, for some rounds it wad possible
to obscrve ihis separation. (Soe Fig. 4). In LA the missile is about
wo {eot from the gun and none of the componants have serarated, The
frogmats sbove the miesils ae frca paves wadding usel in the cartridge
caza, Pigure 45 shows the conper cun s-pacating at five feet from vhe
gun. At twenty-thrse feet (IC) tlw sabot is clear of mousl and the kay
is dropping fres. Mmally the sabot separaves to over four calibers
and ihe winaile i 4in free tlight twenty-elghi feel fioom the gun, (LD).

e “‘m-ﬁn

In the [iring portion of ‘he program considerable difficulty was
ezpmiaced I~ launching the modals properly. Iz order to obtain twhe
asrodynamic moment coefiicients a yawing motion whcse magnitude is
batween half a degrse and six degrees is required. The lover limit is
imposed by mezsuring accuravy while the upper indicates the limitations
of the linearised .aeory. .

In order tc obtain the program requirements, 330 wodels were
launched. It was possible to perform a complate yaw reduction on 109
of these of which ¥ had average squared yuw of over 30 and so wers nct
included in tue ralysis. The overturning moment coefficient was ob-
tained fr-a 19 additional rounds whose yawing motions were t;0 mmall for
a compiste redusiion. Of the modsls launched 1LS were suitabls for drag
reductiona. 4 <ntal of 162 rounds provided :usadla data, 4 good indi-
cation of the imprywswnt in flring efficiency as axperience was gajned
is showmn by Figure S.

The body of this report, which is baslcally concerned with the
data resulting fium these firings, will be divided into three asj>
parts. The firs4 part will deal with axial force and moment coeffi-
cients, the 3scond with transverse fc~ce -nd mcment coefficlents, and
the third will anmalyrs the dynamic stability characteristics of the
configurations. In the appendiceas all thearetical relatio:nsy are s'steda
and the conversion frum the hallistic nomenclature to asrodyniaic is
derived,

AXIAL FORCE AND MOMENT COEFFICIENTS
{a) Drag Pores Coefficient

Danoting tLe camponent of the aerodynamic force along ths axis of
the missile ty ?1, we saxial diag coufficient can thon Sy dofined

! i St b,

the wquation:
¢

-1
0 Ey ===
p duy
whore p ~ air dansity
d = diameter

1 u,. adal velocity

7
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ir Fl in (1) is replaced ty FT’ the componant of the asrodynamic force
directed along the trajectory, tha rore fumillar 2&rrg coefficient
KD - -g C i3 defined.” If cross spin, u, .» rvz‘lected, it can be shown

that K = xmcoaaolc"aunc- L ["u ]62vhorebis

the magnituda of yaw and "N 13 he normal Isrce cosfficieut, The dray

coefficient, Kp, along with ths Mach rumber, is detarmined for each
round by means of a polynomial least squares fit of time-position

ru]
Sincs ‘D is a function of several paraneters, basical_ shape cf

missilo, Mach number, M, and the squared nmaguitude of tha yaw, the

effect of the different paramaters have to be separated. The assmummption,
therefaore, is made tha} the drag dependence on yaw is linear in the
average squared yaw, 5, for the particular round. This avorage is

ovar the distance bctween the f£iirst and last timing stations ani can
easily be computed from the parameters of ysw reductions. Drag values
were grouped in intervals.of Mach mumbers less thag 0.1 long wud ths
parameters :I th's linear function for each group found from a least
squures €'t o the .rag coe’ficienta and corresponding wean squared
Yavs. The zero yav vailues of the drag coefficients, ‘D s Were thon

cazputed and usa uag made of the empirical Q function dariwu by 3
Themas 9] , {32] , to derive their dependence an Mach musber.

The Q function essentiall~w .ssmes an inwerse quadr-atic dependence of
K‘D on Mach mumber and caiy be witten in the form

(2) ¢~ "uﬁ -2+t

-]
where a and b ars empirical constamts. This function provides a
good description of the drag coeificimnt!s dependence >n Mach mzbar
for mpersonic Mach numbers, The constanta a and b for each model
length were determined by the usual least squarss mathod.

Since the yaw drag coefficient K 52 was contaminated by Mach mumber

effects, the ruuncs of eacn interval vere converted o central Mach
tumbers by means of (2) and new yaw drag oen»ient.a daternined.
{ne pmoe33 ecn neow 1w fteratod and convurgerce is rapid. Table I

1. Throughout the report we will indicate for each ballistic ¥ its
exact clationship to the sorresponding sercdynamic C's (See ;
Appendix B foo details of the conversion process.) {

2. in "7] ‘a dependence 02 KD on spin which ha% been deasured ic

descrixed, . : F .
b
E‘
|

3 In £l?] the technimue for handling drag data which it erployed |
hare i1s described and applied to a study of the effect on drap of
systematically blunting the hmgshapo.
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prese..s the finel values of the a's and b's together :ish the Xy 2
used, (These Kpgo may be converted from 1/sq. radian to 1/sq. de&reo

by the fuctor 3280 %g_._c_l%‘%gg )} The defining relation for K‘D 2 18
L) » 6

() kp By ¢ Ky, O
° 4]

TABLE I
§ - Munction Parametsrs

S eal. 7 cal. 9 cal.

a 927 92k 9]

b 187 <184 «172

1
562 Sqare radians i

Mach No S eal, 7 cal. 9 cal.
1.3 3.1 2.2 LT 2 .6 el
‘ 1.8 2.6 "3 2.6 ¢ .2 233 .3
' 2.5 2.7 41 27243 2.9 41,0

1. All errors calculated in this report are staadard errors. In ordsr

1o copvert to probable error, the multiplicative faoctor 0.6745
should be employed.

’ 2. Sice "N is about 1.9 this tabla indicates that the axial drag
coefiiciunt, xm i also str:onglw depend=at oo the magnituta of
nv.

|

l

9
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b2 Tue original xn 8 for each round anc their mean squa'ed Yiws
J are tsbulated in Appendix C. An indication cf their internal
. statistical s~curacy i¢ provided by the representative standard
1 errars provided by Table 7. These standard errors of about 0.5%
,’ secm %0 vonfilct #ith tho actual dispersion of about 3% as sesn in
¥ Figures 9, 10, and il. This =p.ead is quits easily e:p‘.aimhlo by

tha wias varia‘! u oi boundary layers. Figures 5 and 7 clearly
11lustrssc this point,

/ﬁ: :
pal ]

A further check on thls -!xplnmti.on can be obtained by means
of & slaple ca=patation, It iw zussi’ te to cavpute aprroximate
values of the skin friction drag coefficient ‘nsr for both turtu-

Jert and lauinar boundary hy-rs.l The rssults of this computation
are listed in Table IT,

— ey Y

TARLE II
Siin Priction Drag Coefficient, Eycp x w?

T E P

M 5 cal. 7 cal. 9 Cale

turb, laz. % aire.?  gurb.  lam, $ diff. turb, lem. % diff.
321 . .5 10 3.0 b U 3.8 o7 17
. 1.8 1.9 A D 26 .5 W 3 .6 18
2.5 1.8 3 n 2.2 ol i 2.8 .5 18
f An intercssing use this drag data can be fut to is the rathar indiract

} . ! neasiremant of tho base pressure. The drag coefficient is usually broken
up into tha head drag, skin friction drag, and btase Arag coefficiants.

(3) Xy Ky ¢ Koy * Erg

4 1. The Plasius flat plate valuas witli the Van DMriest correction fo:

| Compressible fluw were used Jor the lamifar flow computation and

: the recently d:rived furmuls. obtainad by Van Drisst- P, [32)
“as emplevse fox the virbwlant bovndary lay-r. The Iley"'lo‘da aumters

bazeu on dlameter, Rd’ deras

2. The percent difference was computud with respect to *he total drag
coofficlent,

10
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Sinrce the head druwg arisas f>om comprcoasible fluld pressure difference
on the head, it cun bs cuputed exactly bty means of cnaractaxistics.
This vas done by the INIAC and the re>ults are given in Table IXI.

Tae currespondirg values obtained by the lineariszed thaory are also
listed for cumparison purposes. In Figure 8 ths presmwrs ratio, as
cbtainsd from the ENTAC im nlotted sceinst diglanie alung the mcdml.

TABLE II1
Heac' Drag Qefficients Kn,

| Exact Theary Linsarized Theory
2.3 onyt .0790
1.8 0603 H660
2.5 05h9 555

An examira tion of Table IIX, the turbulent values of Table II and
Figures 9, W, 1 shows lhat Kpoy contributes about 207 of the drag

while K and Ky each cantribute about LOZ. The ratio of bars presmre
iiatob:u s%lvam presswe can now bs capputed Ly means of the relation

W P2 -1- wly [ -kl

Py
v = Llos.

Charters and Turstsky, [[13] , were able to make an indepandent de-
termination YLy means of ngamring the wake angls aud ssmming a
Prandtl-Meyer flow arcund the base to this wake anzle. A comparison
of these methods is provided in Table IV. Ths values for Mach mmber
1.3 are omitted as the FNIAC computations of ratio of prossure ¢ =nd
of oylindar to free stream were mads caly as low as Mach oumder 1.5,

3. This is an extrapolate’ value e Im vas caputed ouly Jog
"2 1.5
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TAKLE TV
¥odel Nunbar " X, L m En _;_a__ _;_g_
3 0

‘ Me3.8 Total Drag Wake Angle
5~b? W .0190 0603 ,0638 63 67
7-48 497 <0263 <0598  .0636 .62 ol
909 41586 »03k2 W07 0637 NN £3

M=25

9-56 .11,8 +0158 0552 «0Lus8 U8 N
7-50 1277 0218 0548 o511 ol2 Ak
9-13 <1322 .0282 0S8  .0Lg2 45 A3

The doscr:;ar. betwean the two msthoda is c'auaod,by the measureaent
orTor i the wake angle. The estimated error in

04 while ths total drag method hss an estimated error of .0l.
An exanination of Table IV indicates thal lm does not vary with

the length of the cylinder ard hence !Li!‘ is the only varying drag come

ponent., This comclusion is further mbstantiated by comparing the
" changs in K with length with 3 Kpgp  1in Tablo V.  The change in K

was found by fitting it to a linear function of lsngth by least squares
and 3 FDSF wa. found by differentiating the Van Driest formula.

B from wvaoe angle is
5 A

L

TAELE V

Y S

.| :_f%g_Am’ Slopeof!.ovsl.lin.xloj
1. L.08 Ll ¢+ .18
1.8 3.57 3eTh » W37
2.5 3.00 T332 W
1. The #irst digii S.n-t-...:; mecdsl numis - indicutes its Length,

Ll Y.

B \‘_’..
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\ It is interwstiing to note that this varistion dacxouea with
increa 'ing Mach nunber.

(b) Spin Deceleration Muent Josfficlent

Tu. spin deceleraiinn momaul cuwilicvient may s Jsfinsd b7

. PR ST
——

(S) K‘ " .-H] " - .a cl
y%y P
where '
! ll is campmert of sarcdynamic mament along the symmetry
axds
‘Ld

'0—‘;1- is spin ia redians per caliber

“ is aﬂ:h.}' compamnt of angular velocity

‘ A though 1t is potaible to determine this coef”icient from the
motion, af*wr part of the program had been fired it vas fo:nd tha' 4hia
deternination van not very accursta, It was, therefore, dacided to
phe. Fins in the bases of tie remaining missiles and measure the roll-

ing motion d:lroctlyl Figures 6 and 7 show models with and without pins
respectivwly. The individnal round values of K, are tatulated ‘1

Appendix C and plotted in Fure 12,

Since the spin deceleration moment 1s a pure viscous uffect; it
seemcd probable that it could be relsted to lwr. Charters and Kent

{11] bave shown that for a cylinder I, = /4 kpep. 1nis appearad

to be & good spproximation for our configuration. .(The /L appears
becsuse the diamoter and not the radius is used as characteriatic
langth). Kpgy Was obtained from Table IV and 1/k Kpoy is plotted in

Figure 12, Tuw agresseat 5%am3 to Y6 quite good. Since the muments
ere small and the scrfacs conditions from round to round are clsarly
rot idantical, tbe exper mantal xcatter is not unexpected. The ugzual
viuss of the 1adividuul statiriacal stundard asrrors as givea in
Appendix C reem L0 support th's considecation.

Sl & b,

e I’“' » v ~d i 2. 4 e - . o . - N
AR e’ Ay o T boeY 2
- ah zt > e F - L # BN ot Lo
: g PR > d R bSO '
H o 3 b P 209N B » o
’ R .22 2 G et 8 L CEg B LT .

[ X &

ol

- !”,./’ "-

~

[N

ie In Appernciix A, tho exact relations erployed are listed.

At . o ek B M.
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L. Figure 13 X, 1z plottad «gainst, length. "he slopes of least
squares fitied lines are .ompared with L4 a‘?{ in Table V.

22 v
" $20p0 v %
1.3 .00106 + ,0000¢ «00102
1.8 +00099 ¢ 0000} +00089
2.5 <0079 ¢ 0000k .00075

TRANSVERSE FORCE AXD WMENT COFFFICIENTS

Prom Appendix A we Lawve the siatament of the Xellsy-McShane
Unearity assusption,

Ir!'2 andYB are the caxponents of the transwerse ssrodynaaic
foree, then

2) 7, + 17 - pal [(-x,* 1K) A ¢ (vEgy ¢ n,)u.j
vh.uvhtbolpininudimpucmb& )
1-120&3hﬂucoqhxm

4
u__(:z;‘lﬁ)_ is the camplex angular velocity

and the l"l are the ballistic coefficienta. They are identified in

both Appendix A and tha Tabls of Symbols anéd Coefficients. Similarly
for the czronents of the transverse moment there resulvs

W) K+ oty = plm? [k - 150 % 0 (g +. 29K
Bv assuaing a ressonavls sise for the Magnus crosa spin coefficlents

ln,. and !.n, 1% can bs shown that they have little effect oo the motim

of .a body of rewivtion '28] + In nome of the firings sade or the BRL
Cpark Nanges haa this as tivn seemsd unrersauable aud bence onl the
remalning =iz coefficients will be conaidered.
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In Appendir B an aerodynaniec nomenclaturs is defined and their
relacion with the bLullistic coafficients stated. Ths conwersion
squations are:

o

N
]
A
:80

B
K!.!f Cx I“l"'l',G‘cnp‘l

- (e, *¢ -2 e )
*1 “uq’ "a) % 13"(°uq‘ "

Nota that the lrst pair of relations are written with an equality eign

and not in the manner “hsy appear in (kiO). Thia is due to the fact
that in this repart ‘8 and K; are measured solely by means of taeir

effact on H in the homogsneous part of equation (AS) and :s is stated
in Appendix B the equality sign is proper,

Threughsut this section use will be made of the symmatxy argvesst
that all ~-+fNMcoients are oven functions of the magnitude of yaw.
It is agumed uhut the yu%n; motion of each round may be characterised
oy its mean squared yaw, s, and that the coefficient obtained from
each firiag iy constant fur tae yaw encountarsd in sash fiight and may

be associated wath .63. It was found that a siaple linear dependence
wn? was sufficient to describe the data for 8° < 30 square degrees.

(a) Normal Porce and Overiurning Mcesant Coafficients

The overturning moment coefficient can be shtained accurately
fron the turning rates of ihe two arme of the characteristic epic clic
yawing motion of a spinning miesila., Actually small corroctions are
necessary which invoive the damping exponents and the Magmus force
coafficlent L’, and although thase are usually less than ons perceat

all of the data in this repo:t contain them. These correttions are
oxplicitly stated in Appendix A. A furthor correction is nscessitatad
by the variation in contar of mass {ica round to round. Since this
varizticn 19 less than 02 calibers for modals of ‘he same tyve all
the woials (re corrected to a standard centur of wass location for each
type by means of an approximate K. in equation (5.7).

Thess final resuits vers exauined for yawing motions of different
amplitulas. It was found that the gevan caliber forward o.m. models
togethar with the nine caliber forward and middle c.m. modals had
Adefinite depandancs on ths magnitude of yav. Values for a fiwad Mach
aber wIrs 2ited 4o 2 linear Pnunetion of mean squared yaw:

15
RESTRICTED~-Sezurity information

R i R aa) 2 oo A W R lunaanachase o T L T D S e U
i g PRV, e ) . ——

P
Rl A VO VL RN | - L L e o sV T Bt rw L
¥y 7 ‘. e T T

g LT

Uhe g

P reTSarTy v g W

|
4




T

. ' ) Jw

RESTRICTED---Sacurity nformation

\ © 0 B

The resulting values of KH g Are nma. in Table VI togather with
(4
their standard erro.s:

TABLE VI
‘Hoz Kqu"i_x&-r‘mu
Mach wo. 1r 9r 9%
.‘ 1.3 -36 ¢ 7 -85 + 16 =53+ 2%
1.8 23+ 6+ 3 =59 ¢ 3
2.8 53417 - + 2" -56 ¢ 16
Bq. (7) -l -83. =3%.
y . - ﬁia value 13 pocrly determined since the total variation 9!?

is from 1 to 5.7 square dagrses.

The wvalues nrovided by Table VI should be cocsidered only good
qualitative results since thay were obtained by a rather crude techaique.
Since the samples are mall the standard errars have only qualitiative
significance. With this in nind we see that the effect of yaw on the
overturning moment has a stabilising iafluence and that lhe expianation
of these indications of non-linearity lies in a non-linear pressure

distributicn over the rear of tha modelal. This distribution probably
starts about six caliders fram tha nosa and increases in its non-

linear character with increising longih. From this we would expect e
longer missiles tn exhibit non-linearity and that this effect will beuome
more pronounced as the .enter of uass 13 moved forvard and thersty
accentuates the effect of force on the missile's rear. This predictim
is roughly verified by Table Vi.

H. R. Kally E36 has rscently developed a simpls relation for
! K" o and ,I 2 by consijering ths viscous cross flow. Hls reuults can
6 6

be uritten in the followlng form:
. 2 ;
(1) By - 2/hop L [or - 2]

(8) Ky o = 3/L Gy 12
nreYs c

1. DMuds emplanation das sigpested by Jo Do Nicolaldel.
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vhere £ 18 distance to center of mass from the 2ose and Cp 19 the drag

¢
coefficient for an infinite cylindsr in a cruss flow., For laairar
bouedary layers CD 13 1.2 ard far surtulent boundary layers if is .2S.

.,_,,,.

Since the aweraye transition point is about 1.5 cui. rgpar ur e alivulder
fa the ssven and aine calibsr models a weighted nm;t Cn. of .78

vas used for the seven caliber models and .68 for the nine n.libor modelas.
Ky 2 and K, , have been computed by equaticns {7) -~ (8), and are tatulated
8

o s

in rabhn VI and VIII respectively. Considering tue roughness of the
expsrimentally deterwmined alues and the use of a “weighted* °p the

()
agreeswnt is good. )

Using Tadble V1 and the round values for ln and ?, individual
values of K, were then computed and in Figures Y4=16 are plotted

o
against Mach nuaber. The maximum scatter is about 2%. The circled
points were computed by ritting ‘H for each Moch mxbar to a liae as

: a furction of center of mass locluom (See Bq. A5.7). The slopes of
3 these 1lines are the ncrmal force coafficients and are labulated in

P S, Wy, [Py
. -:‘_.A..;

- Tabls VII.
i i " TAELE VIX
i i
‘ ] Normal Force Cosfficiaat, "N “-3 c!.
| i " s 7 9
‘ ‘ 1.3 «98 ¢ 01 1.02 ¢ ,02 1.06 + .01
1.8 113 ¢+ .01 213 * .01 116 ¢ .01
2.5 1.26 + .02 L2+ .01 1.28 & .01

AN 18 described in Jppendixz 4 1Y% lw #1800 possible to measure !.. Wy
.!‘ means of the wwerving motion, Vilura of KN were obiained Yy this means
from all rounds with large enough avorving motion?., These data also

e ibited a dependence on yaw for the sevan and nine calidber ruunds. The
values of ‘N p Wre givin in Tgble VIII.
)

(1.233.5 ¢ (LI%)3.2 + .78

1. HMore precisely f{or the sevan callber models CD -

l A sinilar computation waa performec for the nifle caliber models.
.- 2. Ths criverion way that the swerving motion be six times the linear )
\ meaguremar t acIuricy of 0104,

17
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S ‘ Thy sverve 'N" were computed i a manner similar to the xn'- and are
o [+ ]
plottad Air Figure 17. '
TABLE VIII

3

Ty ST Tedlis

Mach No. 7 9
1.3 237 0 _’“3
1.8 LS 26
2.5 W23 B2
Kq. (8) 29. w.
The circleu walues are those obtained fram the ln;u at different

center of mass locations and croasea are based on tests i "W's
Supersonic Wind Tuznsl. The agresment is fairly good. In rigure 18
the distance t~ the center of pressure from the nose in calibers c,",

is plotted as oblained fram the individual swarving motlon, the centar
of mass mathod, and the wind Lunnol., $Since this scale is larger than
model sise, in order to show individual points, te curves are re-
Plotted aguinst model length at the actual mooel rise of 20mm per
caliber in Figure 19, PFinally Figure 20 shows l"l dependsnce wu

. Note that both center of pressurs and normal force are re=-
latively insensitive to length. (A mild exciption to this is the
behaviar of the center of preasure at Kach number of 1.3) In this
characteristic they follow the slendsr body predicticn tbat cylipdrical
afterbodies haw no sffect on normal farce or center of pres .

(b) Magmus Force and Moment Cosfficients

In this section ancd the next oce we will discuss those coefficients
{ which at the prosant. tima can only be detarmined by the precision Range
| Technique. The determination of the quantities is difficult, and,

qite naturally, is not as accurata as lb’ 5. or Ay. The diffizulty

lles in the {act that the dinamic cnefficlenty nffect cnly the dimping
of the epicyclic yawing metion, The damping is dafficult to determine
as 1t 18 the rate of cnange of « mmall ruant.ty, Por 20w models a

Ky ® +78 and CB = i.i4. This digcrepancy has besn ooservid by

many investipgators and is prooatly due to the inapprupriatensis of
the theory. '

f 1. The data, however, is not very close to tne slender body values of
1
!
|

18
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reascnable estimate Jor the sise of error of & darping coefficient
a a2 x 10'5 1/calilers. 3Since for the five caliber acdels
3~ 25 x m's, this 1s roughly an 8% error. (The figure 2 x 100
iy smazitive $o ths frequervy of 4 4.5 =20dc 5, Shelr amplitude,
and t'e distrilution ~f the Ab.‘rvatiaon,.)

An inspection ©of the Magws mament coeff'alent lata for the
77, 97, and 9 models shows that, in coumon with the normal force
and o moBent cosfficients, they are functions of yawv. Thip
bpondm« is clovded by the scatter of the data and nence l, 2 as

tabulated in Tabls IX 19 poorly deterwined for some Mach _b-u and
can oaly be estimated for othars.

TARE IX
: 1
Krs2 Yware Fellais

Naok Nu. Kt 4 ” ™

1.3 -26 + 10 -w* -18°

1.8 -3+ 2 A3 ¢ 16 - 1"

2.5 “2e 8% -1

® Ewtimated vaiue ‘ #® Obtained from two points

Fer fixed Mach number, is a luwar functivn of center of mase
location (see (A”.8)). Ky 38 plotted against c.m. in Flgures 21-23 and
°

1{is rather large scatter verifies the pred‘~<tion that dynamic dats ie
certainly not Of as good ‘quality as that for K. In Table 1, the
slopes of the least squares fitted lines, which are the Magmus foroe
sefficients, are tabulated. This linear relationship is used to
“tain Paversge® valugs of Ep which are exhiidited a3 a function of

o

Mach 1umber in Fiomre 24. Yor some rounds vhare the yaving maticn is
sur that e Wagnur force Dae » pecarcdle eftent q W verviag
motion an indspendcnt measwwement of Iy 1s possills.’ In Flgure 25,

.'7'. a2 obtained from ths conter of mads mathod trgetbar with those

obtained from the sverving morion of individuxl rounds sre nlotted
againat Mach mmbars. The agreement of suth delicate measuremenuts ir
quite encouraging.

1. Appendix A provides the sxict relations emplcyed in this detornination.

1y
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TABLE X
Magmus Force Coefficient, Kp, From C.M. Method

Mach rumber 1.3 1.8 2.5
S esl. A s 0L L 204 08 » .02 "
7 cal, : 20+ .02 .24+ .02 J6 » .02 '
9 cal. 31403 .33 ¢,02 26 & 02

Jo £. Martin has rocently suggested a simple mwdeli by which !, and
!‘l‘ may bo computed theoretically E29] « He shows that the effect of

spin on a body of rewolution at an angle of attack is to rotate the
plane of symmetry of the boundary laysr confiiguraticn slightly cut of /
the plans of yaw. The linsariisd flowy over the resulting shape them
provides a force vhich is perpendicular to the plans of yaw and pro-
portionsl to the magnitude of spin. These considerations result in

the following formula for the rudio of slander body Magm:s force coef-
ficient l? to alendar body normal force coefficient I. for incompressible

£lon.
(9) 2 : 6932 &

whers L 1s the equivalent cylinder lengll ir calibers’

and 6. is the twndary layer displacement thickness
in calibers. ‘

Since ocur main interest is in compressitle turbulent boundary la ’
We Liava to assume that Bquation (9) will apply to this case. From é;ia
and [3!;] » 1t zan be shown that a gond approximation for o" is

37;-3— -0 W5 Rd'l/s 4 vhere R, is the Raynoids’ mmber

x T

based on the diameter and ¢ depends on the welocity profile. Inserting
Jvhis wulue of 6‘ together with the asiaider body normal force cosfficiant

1. Since Martin's calcvlations are based on the usvai iJat plate toundary ] A
layesr assumptiona, nis rssults are for a circular cylindar vhoss
boundary layer build up ls equivulent to ths twdy of revslntian,

|
w |
§
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valus of ﬁ in () “hery resiuts:

(20) Q, - c(l = . w5 na‘l/s

From (10) 4L ia now posvibly to compute the centar of pressire uof
w8 Magauy force by ae fomula:

r
C.P.y = ,_,.;— j Tt & £
o &
.2 %
o
vhare {‘}'F is the equivalent cylindsr distance to Magnus iorce center
of pressure.

We now assume ﬂutf, the equivalent cylinder length, can be written
L -1:.n where L is the model length Andl.n is a correcuivu dus to the nose

and is a function of Mach mumber.

S
G.P.r - C.P.r - Lﬂ

c.p 5 Le 5 L

ole L +

(s F o T °

(118) == duw (L-1)% p M5

In Figure 19 C.P.p 13 plotted aga.inst length and it can be seen
that the predictsd slope ot-ﬂ-z is very gocd., For rixed Mach muaher wo
£it Equation (1la) and obtuin the following values far Lyt

Mach muatec 1.3 1.8

W

h i
e

2
L 52 % .18 1.34 ¢ .08 2.¢¢

[ 3

Using equatien (11b) zs an mnpirical relation and firting the deta
*hown in Hegu' &~ theve results ¢ » .19 ¢ .03, Thuse results are ploteed
in Pigure 17. Tuc agrcemsnt ia fair for such a rcugh theory, althouch
it is certainiy not as good asthe C-qu slope. Finally it is important

v note tnat the slope of the C.P.F enrys versus length of 9/1l is e~

dependent of the Mach number and velocity profils agd depends only cu
the assunption that for tirbulent boundary layars 8/d varies inversely

as the 1/5th powsr of the Reynolds number bassd on length.

<l
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‘c) Damping Farce and Momant Coefficienis

when the data on the dampirg mcnent coefficient IEH is sxamined,

once again the existence »¢ non-linearity in the TF, 9F, and M models
cau ba seen. In Table XI are tabulated the valuss of &, , which were
)

enployed to obtain the Kq ‘a.
9

TABLE XI
l‘ﬂbz quare radlans
Mch No. 3 "9 M
1.3 590" : 650° 650"
1.8 590 + 361 490 * 230 720™
2.5 $99 ¢ 230 - 650" 650"
« gatimated -~ tw'nluu of lﬂ

These valies ars inserted in a modifiad form of (AS.9) and Kg, thse '

dampin, force cocfficient at the centroid, is obed.md.l The desired
form of (A5.9) ie

- - »
[%) 5 %- % ~%* %

uhere q is measured from the centroid and unstarred quantities
are for c.m. at centroid.
In Figures 2(-28, [xﬂ] is plovted against c.m. location and lines arc
fitted. The scattsr indicates toe poor qualit; of K. In order to
obtain other values of ts tor c.m.'s vhich are not at the centroid,
relatio. (AS.L) must be used. Tabls Xil presents Kg at the centroid
and it 4s plotted against Mach nunber in I"ipure 25.

—— T

1. Tre middle cente~ of :-ass rounds have their centers of nam Imated at
their geomstric cenixroid.
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\ TABLE ¥UI
ls et Centroid
Mach lo. 5 7 9
1.2 3.8+ ' €32 .6 -8.6+ .8
1.8 3.1 %5 ~S.4 2.1 “9.2 *%2
2.5 | | =l.1¢.2 3.8+ .1 «6.6 1.k
Bq. (1) 4.6 =70 -9.3

In Figure 30 5-! av the centrnid is plottad against Mach nuaber while
Figures 31 and 32 give the centroid values of Kg and K as functions
of length.

In order to get some theoretical basis for predicting lﬂ it 1s

necessary to use certain resuits rocently obtained by W. Doz cance 1.ES] .
According tn Dorrance's “saro order® glender body theouy for missiles
\ without boantaii.il [The relations for G, and G, were firsc obtained
bty M. Munk.] q q
%y (¢ -x)

cna- }
°Hq"" [(L-r)z*-'i}(r-rc)]

c - = ——
"& }
A o b@-r)
‘Nq
where L is length in calibers
r is distance 0 the c.m. from the nose in salibers
v i3 volums in ca.l.3
T, is distauce to the centroid from the ncse in calibers

Fram these equations thera rosults

(12) K- % a-n?
{13) KS'-%(T--r)»v

1. Care has %o be used in order to t:ans!‘om the symbols of 35] o those
of this report, C_ and CT of | 35] actually corrsspond C, and
ng, 4‘.’ NA
0 G, while G and C cf f_f;’] cc_n:respond to c“: CN&and (:Mq-» G, of this
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Bquation (i2) predicts that IH at the centroid is a pure q.ndratic
furcwon of the distance vy e vaatrold from the tase which has -5 - ,79

As 1ts coefficient, If ws fit "h at the centruid to asuch a tunction,

there results the values o .19, 1.L3, 1.50 for Mach numbers 1.3, 1.8,
and 2,5 respectively. Sincs the f£it is quite good, we will consider

ec (1 r°}2 83 a gued empirical form:la for the de-p.ng rioent at
the centroid. Table XII compares la at ce. troid with Dorrance's !s.

The agreement is not too satisfactory. It is finally of interest to
note that within tre accuricy of this elementary theory ‘H has no

contribution froa ('“. when the c.m. 18 at the centroid,

DINAMIC STABILITY

A study of the dynamic stability of the rounds fired 'n this
PSgTaR vides some of the most intereatlug results of this report.
As in {28] a missile 15 defined to be dynamically stable if the yawing
motion descrided Yy the sclutien of the homogeneou ation of the
yawing motion doew not increase. It iy proven in E?ST&M. 8 sufficient
condition for & namic stability of a statically unstablel missile
traveling over a flat trajectory is

(Wa) o -1y - Ky o F, - 430, >0

(1) . 1 ~ 3 0£s £ 2
T(2-7%)
-‘h.ra .- A2 (Gyroscore stability factor)

4B p ;”lﬂ
A = axial mament ¢f inertia
B = transverse moment of inertia
P ® air density
d = dismeter
ve®d ; 8pin in radians per calibe.

L ‘j 1. Amissile is statically unstatle if K70,

24
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\ _ 2y - Ky - KK

YR

k{z - 1‘-%— (k, 1s axial radius of gyration in calibers)

(Dynamic Stabdlity Facter)

2
k;2 . -'%- (k, 13 transverse radius of gyretdon in calibers)

I25<0 ors P 2, it is further shown that a statically unstabls aissile

can 1ot be stabilised by spin. The curve s = = 1 e 13 plotted in MPigure 33
2~

and the stable and unstable regions are identitisd.’

This requi-esent is much more camplete than the clasrical gyroscopic
stability requirement that s & 1. Since h is usually positive for missiles

in supersonts flight}, conditions (1L) will reduce to the classical in-

equality for 3 = 1. & is tabulated in Appendix C for i3 sounds and it
. can be ses: ibs u that it definitely departs from this optimur value of
! unity. 7for some of the 97 m0dels 3 exceeds two and hence thess models
are dynamically unstable and cannot be stabilised by spin! ¥ has the
. further propa:iy that the slower arm bas the maller dauping rate
('z“‘a.) when 8 <2 1 and the reverse is true (¢27 ‘1) vwhen 3>1.

This therefore, means that the faster arm will grov for the 9F models
frrespective of spin. (Unless h 1s negative the slower arm, howaver,

will always shrink.)

It is possidle tc make an {mportant duneulintf.on of the dymumis
sladility in the following way, (ecee 4 ).

Theorea

The damping exponents &, and &, of the epicyclic yawing m>tica of a

statically unstable missile are greater than or squal to an assigned
valus, G 1f the following relaticns are satisfied:

h-6>0
02 2L

STl

1. It was positive for all missiles fired in this program.
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c<?(c)<22
vhere (e} » 2 (% ~Kp-iy K -3

=2 =)
Ky = Kp o 0" Kym 0Ky - 0
(Not. that 8(0) is thae dynamic Btubtility factawr.)

With the ahove informaulon in mind we wali now move on to a con=
sideration of the various applications of our expe-imental information
to the stability problem. Mrast the effact of center of mass locatian
18 of interest.

Looking over the 8's for the five caliber models in Table C-2b,
4t can be seen that 8 lies batween .10 and 1,30 and hence the dynamic
stability is of little interast for thase models. The dynamic stability
of the seven calibers, a.d erpacially the nine callibers, is more
intevesting. In order to obtain a rough picture of the effect of c.m.
we will assmume that c.m. may be changed while the masses and radii of
grration remain constant. An ex.mination shows that with the exception
of the bimetal middle c.m.'s (9 M2, ¥ M3) and two of tue rea™ c.m.'s
(9 k2, 9 R3), thes~ assumptions are roughly true.

With these asaswmptions in mind, v required for mbility ia
plottsd in Wgure 34.ageinst c.m. position for M 1.31, v° vas
selected as ons ~7 the wariablss in this plot so that the gyrcscopic
stability curve, s = 1, appears as a straight line. According to
this plot the interval of c.m. location where spin stabilization is
possibls, idertified in this figure by ¢ = Q, is rel atively small and
even there a rather high twiat 1is required? _The rear asymptote zn>responds
to 8 = 0 vhile the forward ons is caused by 3 = 2. Note that 0.2 cal.
rear of the centroid is located at the "optimum point® where s = 1.

Nov it 1s shown in [28] that the situation is improved by in-

creasing k.:,z. Since k;z is LOS larger for the bimetals (9 M2 and 9 M3),

the stubility curves are replotted for their masses and radii of gyration
in F.gure 35 (The physical censtants for Loth figures are llsted in
Table XTII),

1. In the two stability piots c.m.'s forward of ths centroid are
plotted positively.

<. This fict was firat ctserved by R. Turetsky in D.E] vhich wvas an
interim report on the program.

it 3
2% ]
4
4
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:
! TABLE XIIL
n gos k{e k;z
Standard 137 8.3 .19
i Bimetal 200 1.6 <26

The bimetzls as can b9 easlly seen are much more stabla than the solid
models, These figures become, of course, more inaccurats aa the cem.
is mowd from the centroid, If the exact physizal characteristias of
the 9 F's ars used, a much better determication of the c.a. position
for vhicr 5 » 2 may be made. Siailarly better valuer for the “optimum
’ point® and the point at w:ieh s = O can be found when the physical
characteristics cf the 9 N's and 9 '3 respectively are used. These
calculations have been made and the results appear in Table XIV, Note
that according to Table XIV it is impossible to spin stabilise the
9 FP's and furthermore that at M » 1.3 they should be markedl, unstable.
This 1s verified Yy Table C-Lb. As ths yaw increases, however, tha
non-linearities whizh have been observed throughout the progru have
a destabllising effect and increase the cize of T considerally.

TARLE XIV

»
S

Location of C.M. From Centroid For Dynamically
Stable Nins Caliber Models

b iy
cigd
e
U,
-
kS
-
o]
.
-
D7)
.
A
ol
i
.
..
.

»;

N Te0 3 =1 (standard) ® =1 (bimetal) E 2 "

1.3 -1.09 -3 .08 R 'f*
t 1.8 -1.59 =70 -.28 .30 e

2.5 -2.03 -.13 -.28 S &

i 27

3 As a final application of the data obt: d by this program we will

1 make rrugh estimates of the stability of models vhich are longer thau
nine calibers. (Since these est_.ates are based on linear theory, they
1 , ars at the mercy of non-linmarities vhich seem to increase with length.)
' For simplicity the center of mass will be located at the centroid. The

' ‘ data for mne~caliber length modals definitely shows a bimetal design to
: be supsrior and we will thus consider models possessing oylindrical center
sections o Tansth 2 and of density different from the remainder of
the model. Finully tue following formulas for centroid, mass, ani
momants of inertia will be needed. They are good approximzticns fer
modele over eight caliver loi.gt

o}

217 8
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c.m. from base = L/% (P_: *.9_‘)

Q . ® lencth of cvlinder in calibers

Q.: - l-,: (volume of nose in calibers} = .037

me 3 (V1d3) [QN * ,Qc . (:’i - 1) 223:]

vhare G2 is density of nose and tail material

Py is density of center section meterial

AR JUR S

Py Py

- vhere Ay = axial moment of inertial of ogival nose

- 10565 (py &)

F1

In order to get Somy idea of the stability situation for these long
missiles, we will sslect _‘ig = 3 «nd ,Q; so that the spin required *or
51
gyroacogic stability will be a minimaz, This is emivalent to reqir. g
that g— be a maxirum. In addition we will also specify p; be el
to the density of dural. in Table IV are tabulated the rusulting 0o

7, m, and §'s.

2
Pa .y (Bfp) (L o 4N ,@_
IPERTRY PR S 2) (% fr »

—

4 T.BL: XV

L : Q p {eall; {mecad®) (et m(.m) s :

9 2.kk 38 1960 3 1.0 b

11 3.1:6 I8 2080 31 L2 R
13 3.60 57 3500 o5 2.2 -

16 L.56 Te 7002 552 3.2 O

2L {
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tocording v~ Table XV, models with c.am. at centroi«a and longer
than ¢ sven calibars ars impomsible to stabilire by opin, It is
pessible to maks a rough calculation «s to tha location of the
optimum points for tbe modals in Table XV. This would give some
indication of possible imprevement of dynamic stablliily by varying
c.m. location and is done in Table XIVI. In this table the iocation
of the optimm poin% io gilven together wi'h the yun twist, 1_.

required for - tability. .
TAHLE XVI
L c.m. shift from centroid 1/n
9 -.05 | /2
1 =63 118
13 *1.03 Y12
16 -1.U6 1/9

From this table are obmerwed the very important facts that drnamio
stability can ba .mprowed by moving c¢.m. resrward and that m:ite long

" models can be stebilised with reasonabls gun twists. 7The rather crude

approximatict cn vhich the above v based should be reempharised and it
should be remsnvored thet the above is done onlr ae & rather weak aid

to designers of longer miasiles.
c. Eo : S

£C S fmidt

L. B'
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1

Axial mousnt of inertia

Axia)l moment of inertia cf the nom

Trassverse noment of Luar.s
epirical constant defined by Ky < C(L - ¥)’
Two dimensionai cyiinder drag coefficiat

Magnus force center of pressure

Normal force cente. of pressure
Hewly

Asrodynasic force

v - [p-15 o 27] v
25

XA
Spin develsration noment coefficient
Drag cosfficient

Axial drag coefficient

Base drag coefficient
Hesd drag coefficlent

Skin friction drag cosfficient
Mg nug forea coafficlent

Slendar body Magmus force coefficient

1. The symbols which apvear enly in Appendix 3 are onitted from this

table.
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Damping moment coefficient

K® -

Lift “orce coefficient

Overturning (restoring) moment cocefficient
Norma) force corafficient

Slender body normal force coefficient
Damping force coefficient

Magmis moment cosfficlent

Magmus cross force coefficient
Magnus cross moment coefficlenm
Zero-yaw coefficlent

Svefficient of yav squared term
Complex coﬂst;nu in yaw equation

Langth of projectile
Length of nose which is uneffective in Maitin'as theory

Bquivalent cylinder length in Martin's theory

Mach mmber
-2
k"
Aerodynamic momant
Number of yaw atatlcus and 4iming steti-ons

Shift in c.m.

3h
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P Conatant tarm in the swerve ewation

Q Coefficient of linear tarm .a the swerve equation

Q- ll ) lpnz The "§*-function

Ry The Reynolds number tased cn diemster

Ri The coefficients of tie exponential terme in the
: Swerve equation

RiJ Constants defined by ai = Ru + miz

(31’1. Contribution of the lift force to the swerve

(Rﬁr Contribution of the Magms force to the swerve

=2

a The constant term in the *¢" function

a, The coefficients in the polynomial exreassion for t
N 3 The coefficiant of Ju - "D in Ri 3

b The cosfficient of the linear teram in the " function
t:1 . The coefficients in the polynmial exp-ession for 0
b‘.‘1 The coefflicient of J? in B“ § 1
¢ Bmpirical constant defined by l? «c(l - .]J;H)f '!ds
ey 3 The coefficlient of Js in Ri 3

Cems Center of mass in calibers from the nose

a Hama ter

dLJ The co fficvient of Jn in B.“

€ Accelwrabion dus W gravity

(&_.82.83) Vector accalerution e to grarity

35
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~2 =2
h Lo AL B
2
k; - 3%- k, is the axial radius of gvration in caliders
2a n? 1s tie transverse radius of gyration in cal sers
2 "% ks @ratios
93 Une=half léngth of center cylinder in bimetal deu.gn
Qe Length of cy)'nder

ok (volume'of nosa) Bquivalent length of nose
N n

] Mass
n The reciprocal of the gun twist
t
pe Y 4 Indspendsnt variable
-3
(v}
Pp : Bass pressure
Po Fres streoam pressure
q 0 - O% (distance from centroid in definition of K*
r Jistarice in calibers from the nose to the ce..ar
of rza3s
T Distance in calibars froa the nose to the centroid
3 8sability factor
s Dynsmic stability factor
t Time
ue (“1'“2’“3) Valosity vector
v Yolime
x Lateral displacement
Yy Vertical Jisplacement
a Assignad lower Limit of @,
36
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fav damping rates

Ratio of specific heat of air rt -onatant presture
to vhat at coastant volume

[‘.‘2 LSRRI WY 7
Magnitude of yaw angle
Mean squared yav

Boundary layer dimnlacement thicknese

Perturbation term in solution of yaw differential
equation

Standard error in balligtic coefficient
Roll angle

Camplex yav

Yau of repose

Camplex angular wmlocity

Spin in radians per caliber
5 '

Danaity of air

ﬁonniw of the material

Yuw turning rates

Angular welocitys of the missile

11 Y Primes dencte differertiation with respact to p

e

3 "ﬁ)s:! Partiul derivative of skin friction drag coefrlicient
5L with respact to length

! ‘ ' Burs dencte alsolute value

b 2
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APPYNDIX A: SUMMARY JF THEORETICAL RELATIONS AND SPADK RANGE
TECHNIWE

In the bibliography tive clascical publications are iisted and a
fairly complete list of BRL publications which would have a bearing on
this retort is rov‘:.dad. .joet of the liheoretical relations used hare -
s _takeu frem {247 _{ 29 The data reduction technique is deseribed
af1] or in Kupal mpor* mentianed ih the in‘=nduction, In
this appendix ve \d.ll state but not prowe the relations referrea to in

the body of the ropcrt.l' Although these relations will be un terms of
the ballistic K's they can be easily convertea to the asrodynaaic Cts
vhare necessary by use of Appendix B.

We first defiae a right handed orthogonal coordinate systea with
axas mmbered 1, 2, 3 moving with thc missile and 30 orientated that the
1 axis alvays points alung the mizsils's axis and the 2 axis lies in
the horisontal plane and points to the right. The linear welncity of
the center of mass and angular wlocitw of the uuih are sxpoessed
in this coordinate system as the wvaclors (“1’ Us, u3 and (.1, a9 “3)

respectively. Employing the convenient representaticn of complex
variables ths basic Xelley-Mc8hane linsar force system 81' a missile
possessing au ar ;le of rotational sywmstry less than 120" and a piane
of mirror symstry is defined by the following equations:

W) 7= wdflmy g Rpe-ed uf xn"

(U2) 7 o 12y = peha] [ (R o+ ) % s Oy ¢ 15y ]

(a3) Hl--pd’u,_

(M) ¥y o 013 = peu,? [(ovmy - 150 % 0 (5 + ]
- LA LA

(P.., L% !'3) 1s the asrodynamic force vector

?,é 1s e~wmponent of aerodynamic force vector directed along the
trajec

(n.’_, M, H3) is the sercdynamic moment wactor
o 18 the dansity of air

d is the diameter of the model

1. Althougnh all of the relaticns stated are trus for all missilea
posaessing the proper symmetry requived for (Al) ~ (AL), soms of
tae remarke on ranpe technigue refsr only to spinning bodies of
revolution, 38
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Z95.1.13

o !

i3 the ~omplex yaw

w,d
ve -—*“;- is uondimensional spin

(o, + 1, )d _
we ——2—“1——?-- is complex angular yelocity
K, Drag Force Coerficiant!

Km Axial Drag Force Coefficient
K, Spin Dacelaration Moment Coefficient _ . 1 8 '
l“ Normal Force Coefficient

K; Magmus Force Coefficient

Kyp Cross Spin Mag.us Force Coefficient ( i

xs Damping Force Joefficlieat

K, Magms Mameut Coefficidnt

"H Overturning Moment Coefficlent

‘B Damping Moment Coefficient
Kn Cross Spin Magnus Moment Coefficient

Since the moments are defined with respect to center of mass and
A is defined from the motion of the center of mass, thene ballistic K's
are functions cf center of muss location. Since we require symmetric

1. Ffor zaro cross spin it cin be earily shown that K. '» cos- & +XK 6 sin 5
- X .+ r" - xm s a wh ._xn| ‘DA . KN
DA ‘-au T ¢ &DA. ere 8 - Kl

Lo ogae

RO T Y AT b L T2

e Sl
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anss aistribution, all c.m.'s are on the axis., T.e explicit form of
these .anctions is:

(AS.1) K = Xp (A5.6) K, = K,
(45.2) K# = K, (A.7) K# = Ky ¢ ok,
(‘503) ‘,’ - ‘r (GoB) “. - ‘T . qu

(A3.4) Xg# = Kg * oKy (45.9) Ky® = Ky ¢ q(Kg ¢ B¢ o°K,
(A5.5) Kpp® = Kpp ¢ kp (AS-10)Kpy® = Kpy » q(Kpye Kp)e 7K

vhere the starred quantities correspend to the center mass located at point
U= and the unstarred quantitie: center of mass at 0. q is the axial
distance from 0 to 0% in caliter>* and is considered positi-e when measured
toward the basc from the nose.

Placing these definitions in the equations of wotion we chbtain the
. following equations for the axial and yawing motion for a flat trajectory:

(‘6) "'f:'i— - 'JD

-

(A1) » =Dy

(A8) MY+ (Ha V) N\ ¢+ (M =i¥T) A =0

where primes denote diffonnti;tion with respect to nondimensional
t t

axial arc length p -[ —“lr and ¢t is ti.n.z

]

3
d
oo Box

- - _2
D =dy-k Y,

k.l

A 1o axial moment of inertia

. 2
‘e 5%- (ky 1s axial radius of gration in calibm s)

n is the mass

1. A caliber is a unit of length equal to the miasila'e diamwter.
2. Baquatign (AB} 15 hated on the sive assupption or convention
trat ¢© terms may be omittsd in comparisor with J teras.
[}

Lo
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[ ] - -2
Bedy=2lpek, &

2
32'2 - -'%- (x, 48 transverso radius of gyration in cilibers)

B is Jhe tranaverse moment of inertia
7-.5 v

Mok Gy T 47 g
TededpelT

oey - [g-u? g 5]y

yo e, - €2) + 1(ey - g33)] ¢

%

(g, €5 83) is the wector accelersticn due to gravity

\201).3-1

The solution to the equation of yawing motion can be writien in the
forms

(09) 'a =K Lmr ', %, RE R 7Y I L

vhare

1) 3l
11, 12 are cc-phx constants depending on initial conditions

\g & - ‘ﬁ (y‘lv of repose)
g€ 18 accelsration due -~ Zravity
@, are constante and di' aie linear iunctions of p

33
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%‘h;)cxponontu of (A9) may be related to the coefficients of equation
AB) Lt

(D) ¥ =gy ¢4y

(A1) H (s +8) -DE,

O R A ?(;[&*%'3 ‘51:)
(A3) Te-1/2 L(‘l .2)('1" 2! -u-lg

——
w—

gyt gy
) .
ﬁl‘ * '2l
' . 'l' * ’2'
‘whare a wery good approximation to the perturbdation tou& is '1. P
. _ 2'

\ “te-~  Amissile i said to be statically stabls if K, £0. 4 statically

unstable missie 1s sald to be gyroscopically atable if & = %:l 1.

nissile is dynamically stable if the yavw demcribed by the homogensous
sclution to (A8) does not increews, JFor a statically vnatable aissile
thoupononuclndnz are greater than or equal to an assigned value

aif
(as) EOD-G>O;
‘(uﬁ) l;

" and

-q)
(a17) 0<% < 2

vhere s (a) = 12-’-:;:”‘-: a 18 the generaliszed dynamic stability factor.

If ¢ = 0,  becomes the dynanic stability factor 3 (0) and (M15) - (A1T)
tecowe conditions for dynmic stability. I€® (0) does pot satisfy
(A17), a statically unstable missile can nevar be dypamically

stabilized by spint.

1, For a statically statle missile (A)S) aud (A1S) apply when o 44
outside the interval [0, Z] whils only (A15) is needed when

s 18 insids.
.
L2
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17 the position of the missile ia calculated from the equations of
motion, and the p axis is taken to be down range in ths horirontal
plane, the y axis paointing up, and the x axls dcterminad by the right
bhand rule, ve have tne reiution

(A28) x ¢ iy = P + Q@ * RiKy COTRE 0 IN R X, ol ¢ i, )p

’ff"n“x"’n‘ iv J,)apap-ﬂl&gup S

where

P and Q are complex constants determined by jnitial conditions

x and y are in calibers
Ry =Ryy * 1Ry

Ryy® 8y (Gy=dp) # by Jp* ey g+ dyy Ipp

(“1'2 - .iz ) | .1 ¢1
* (, ' ~)2 (J .JD) ¢ —!—2)2 J’

. ey g ¢ "' J
RS "'u,) =

‘ Ri2 = 8550y = Jp) * by Jp 4045 5 ¢ & Ipp-

%' e W . '(‘1'2 ~ o) &
(ﬂl'! . d,'!)z TR (¢1'! . c,!)f

- . ——-é--—t-’*' Jg - -—--,‘,---—.‘,-——--‘1 : J
! (gio +q ) 3. (’10 . “1) xr

The firsy integral is uhs dispiacement due (o ydw of repose and
can usually be estimated to a sufficient accuracy for varge work. The
real part of this intowral is callsd the *drift®. The secord integral
is, of course, the gruvity drop. Tue expression JN - "'D can he replac-d

) by JL’ the 1lift lorce coefficient.

13 i
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0o the BRL Spark Photography Range the drag coefficient is found
by mear. of up to tweive time-distance meamuremants. The distance
error !s less than .00l f3et and the least count for the time is 5/8
of a microsecond, The data are usually fitted to a cubic in distance.

(A19) tea,+ape azpz . l3p3

where & i3 time
The welocity u at point ,, is then d.nu by
(a20)

1
wrzapeded
and Jp, at point p can thnn be computed from (i6).
2, + ba
(a22) 4= — .
5 ¢ 2‘:’ ¢ Jagp
W and Jp'are usually evaluated at the center of the data. The tewpsrature

and pressure are nmeagured before each firing, thereby : -oviding the
vslocity of sound and density of air. From this the Mach number and the

density factor 24 (.l3 may be computed. (m, A, B, and center of mass location

are precisely muurnd for each model before firing).

D can be directly determined by msamuring the spatial location at
each station of two pins placed in the base of the modsl. This t.wa
determines the roll angie @ as a function of position, p, on the runge.
These dat.a are theu fitted to a cubic polynomial

| (az2) o-nooblp.bzp ¢b3p3

From (A7) ue haves

) 2b, ¢ 6b.p
(a23) D= R
by ¢ 2p ¢ 3agp
From (A23) and (A2)) ~3 con then obtain J

‘.

Tbr, two conponents of the yaw of the midsile are usually measured
ts an accuracy of .00l radians. They are thea fitted by a conbinatioa
graphical and analytical technique to e uvation (42). Froa the coetf-
riclerts of this fit by means of (All) - (AlL) we can covain J, H, T,

an’} a relatively poor second determination of D. The spatial positicn

4l
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\ of tha center of mass i now measured to an accuracy of 001 feet and
fitted to equation (A18), Of the farm u“ usally, bowever, only R,,

is well determined. Mrtunately J" - JD is the principal constituent

for most firings ani c.n then be determined. This plus ths valuey of
b dps Uy 3.4 T Wier provide us with & and Jp. T certain cares Ry, vew

be determined, and from this follow values of J p By firing dffersnt
center of mass positions, equations (AS) then provide us with Jg, Op
and a second determination of Jy.

In sumary we ses that the firing of a single model with satio-
} factory initial yawing motion (large encugh to_measurs and xaall enough
t5 be linear) and satisfictory swerving motiont will provide values:
Kn, l‘, K¢ Ky Kpy Ky, and possibly Kp at a given Mach oumber. Firings -
of identical models with different center of mass positions at the same
Mach mmber then yield additional values of Ky» Kps and Kgo

5 ' 1. It can easily be shom that tho 1ift force contritution to the slow
swerve am is (R2)L 'Kz‘ a, * Jy, and the ¢
travution {rom the Magnu:z force is ('12)’ lK \ 21 * 522 P‘

Yor most rounds Jg and Jyp may be oa.itt(d,nz.,< nzl’and by; dpdl 8y, I

Hence (R“’)L ~l K,\ ) Rzl} Swerving motion 18 satislactory for
KN when (P‘z’n is mors than six times the experimental accuracy. Since
cur Magnue force measures were limited in mumber, Kp values are con-
aidered when (Rz)r is twice the experimental accuracy.

L5
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APPENDIX Br COWVERSION OF THE BALLISTIC COBFFICIENTS TO AERODYNAMIC
COEFFICIRNTS

The work of

18 report has bean dore in termas of the ballistic

K's which are 1itile known outside the field of ballistics and may be
quite confusing to an aerody cist who dnes his dynamic ztability
analyses in terws ol the aer 1c C'a. It is thersfors vorthwhils

v express the rysult® of this report in te™ms of these symbole.

affort is handicepped however, by the three facte:

Thin

1. The missiles usually treated in tallistics have s rotation
symmatry which results in pairs of asrodynamic coefficients

being equal and hence corrccpcading to only one ballistic
ocoefficient.

2, In ballistics the missiles usually have a high rates of spin
and Magris effects have to be considered to which there are
no correspending asrodynamic coefficients.

3. Terms involving the rate of change of angle of attuck appear
in most aerodynamic stability analysis while no such terms
appear in the usual bvallistic force system.

The sxial cuamponeats of the asrodynamic force and moment are

usually defined in aerodynamic nomsnclature as:

(81)

Xew/2p P86
Le 1/2p P suEd c
P L3 f

wheras p im alr deneity
¥V is axial velocity

S is a reference area

b is the wing span

From this we see that

— —— o~ ek ok,

Ko = 1/2 s8/a° c,

K = . 1/L (S52/d%) &

(82)
A P
| ve 3% (pb/2v)
i
L6
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\ al the transeserse componants of the ssrodymamic sjorce and moment
are assuned to be linear functions of yaw, change in yaw, and ane-ular
velocity, and Magnus coupling is introduced, we haww the [ollowing
definitions

-(1/299‘23)([ p ey ()‘cr'(?{]
[ﬁ, cocx"(ﬁ)oc (°‘J (sv)
z-(Uapvzs)[E:z cocz (!3”3 )]
! [z’ Bocy “)w (16)] (5'6)}
(83) Me(1/2p¥3ec) { [c..a C,q G * <y &)
', ‘*oﬁwpoc? IR (%)](533
l-(va’n){[cnpsoc%(;",)ocna(ge)] |
#E:n,‘ “oo @y ¢ c%‘ (%")] (g""))

‘ vhere ¢ _is the wing ciicrd and the angles a, § and angular
velocities 3, §, q and v are thuse defined in the standard aero-

dynaric nmanclature.

If the missile is ae ssegs al or grester rotatiomel
symne try, it follows tro- fojo tr

o | TR T (i D 172}, 0000

,- "“""_'*-‘,r‘.!~ ‘..4".‘,4 .4

' 1 L] [ C e C, s C,,
3 1 ! c!p z. N. 'c!p. Cop ¥oa
S -, Dag, 2 Gy ~C Jac
3 7 Ky Pa Zpr® T'pq

-y
4
q

3 e, =(., c[w - cz’é(g)g cN

1

u7
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b S et

-c -, B - ) ®
(BL) a 1:“.a (e)-'c.\!‘ .p “pv( ) C,
c «C E 2 - -b- - C -b -
ng " 2 oy < “pq Q= Mg
' 0,2
\ =, = Cp. Q) 2y c . (P,) - "-")
) ™a 3 ¢ 3 %ﬂ ¢ lp& Qi

The third set of symbols is introduced in order to eamphasizs the
existence of symmetry and will be employed throughout the remainder
of this appendix. If we insert these symbols 1aw (83), multiply the
. second and fourth equations by i and add w the first ard third respec-
tivwly these results:

Y+izZ = (Uzpvzs){[c),‘oi (gg) Cy ](pos,a)
' pa
.Esg)c‘ ,1%‘](3 + 4 cr]
y 18 o } E'L'.'!%'G‘Q
(%) nou.-u/zp'zcs){[gv) -1(‘.“;)@‘1:)
. -1 &) (cq ¢ 1 er)
[or, -+ B oy, ) it
{ 51 ek
.[(gl uy ! °HJ(° ’1 cJ
if equation (BB) is compared with equatisns (A2) and (AL), ‘the Magms
and non-Magms static coefficients are easily related.
K, = - 1/2 8/d° Gy,
V- 1/2 8‘3/63 %
' ()

L= 1/ 86/ 7
: po
Kp ==Lk Scb/d" -:Hp‘

| o
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“.6 relationahins betunen the remsining (ynamic cocfficienta s
sonevhal more vuiplicated. Fortuuately it can sasily te showvn that the
renaining Magmis coeificispts are lost m t.hn different'al equations of
yaving motim due to the J° conventlion. I¢ therefore, remains only to
connect iwo ballistic confficientu, Kg and Yu, dith four aerodvynamic

coefficiouts ¢ and
; » °uq’ Ny? °Hq %,

Tn order to do this we need only to consider the purpose of this
work, namely to stats the “~suits of this report in aervdynaxic nomen-
clature. Since this report is concermed with stability, the only con-
tribution of the aerodynamis ccefticients is how they appear in the
basic differential equations. This means that in order to obtain the
partner of lﬂ we see vhat coefficient appears in the corresponding

point of the differentisl equailon lar to (1) which is based on
the asrodymamic force system (see E? for exumple). By this tactic
we have:

%s

-1 &
(s7) Loy~ V1 —d_.r (c,,q . c"&)

8ince ths zajor function of !3 i3 its contrivution to xﬂ when the
centar of mass 13 altared we auve:

e *
K= ;3 (G,q C")

Note: The method of obilaining (B7) arnd (B8) is not tou desirable.
It would, of course, bs more satisfying to enlarge the ballistic force
system 30 that there would exist a one-to~oue correspondence. It also
should be noted that (B7) follows from a comperison of the howogeneous
equations., In the yaw of =epose, equation (A9}, K, should be replaced

-l/h—v—cH

By use' of (B2), (B&), (B7) and (B8) it is now posl‘ ole to convert
our symbols., We will mcrely tstulate the 1esults. ‘L will be replaced

b7 Ky - Ky for *his purposs.)

P2 [oy, 0200 e @7 gy v )]
v-H &4

«2 peS
M=k ECECMG )

1., In ordsr ic avoid contusisn e ia s (a%) will be reglaced by y¥.
L9
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ve -k (R0 1
"k adz)'npc_'

(89) T'.%ﬁ-g[n
- §

D= %“-"[c ,x? i
p* 1 3 l;]

—

2. -
- AP s ‘;:
LB (1/2 ¥ p 8¢Gy) s
: s =
.2 *» r‘:}.
2 ! Oy *Cy-iy (g.glzcu vy
- ( Q) - o PG S
' 7 c +C ¢ 1/2 k - [-1 (nK » -~ kl. » Cp ¢ Y g\
N, D 2 Q) q L 2 ;p A
For bodies of revolution if 8 1s the saximum cross-sec.ional m;‘ '} )
b S n ¢ '
a° b 2 -3 3"?
. - » . - - n
CEpmg Gy KW

d"‘ C 3 n"
SRS TUTREL B A
\ (10) K= € 3K e-F
| e " 16 Nog L Sl (3 °“,,a
Kg~3 © * ) 5 > 5 G O .
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1. Sore o thu.s prefev % « L, vhere L is the
This selectioa seems to co:yplicata our squat

odel length in calibers.
iuns uﬂna;e:sr*iw.
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APPENDIX C: TABLES OF DATA

In Table U-1, the phyaical charucteristics of the twenty-ssven
model types a:s tabulated. The types are identified by two numerals
separatad by a lettsr. The [irst number gives the model length, the
letter epacifies whathor the center of mass is forward (F), middle
(M), ar rear (R), anu t v 3econd number identifies difrerent Ly: -9
of the 2ame length and center ci mass licativa. The composition of
each model is given by thres letters vhich svecify the metals used

“in the nose, center, and base sections respectiwly.

In Tables C-2, C-3, and C-4, g? asrodynsmic data for each round
are given. The mean sqared yaw, §° 1s 1o square degrees and is
effectively sero for those rounds where it is omitted. The drag
coefficient, K., is tabulated far all rounds possessing owr five
timing lutionR: and the spin decelerating coefficient, l&, for only

rounds with pins. Values of ‘H are given for those rounds for which

both arms of their epicyvlic ywwing motion exceed .005 radians.
Values of ‘H and X, are listed when both arms exceed 007 radians.

In addition 40 the arm 3isze requirament there musi be fifteen observa-
tions and a f:wmrakle distribution of the observations on the epicycle.
For scme rmnds 1t was possible to calculate l,4 from the spin and the

turning cate of ~ne arm when oaly ons srm exceeded .00S radians in
siss and the todel possessed pins. Ky was calculated when the swerve

associatad with it, (AL‘,)L, vas greater than .06 inches. For those
rounds which did not have Kj or Ky values, K, and iy were computeu
using valuss corrasponding to the sams type at tha sume Mach nuaber.

H
S

The column marked N = Ry gives the total number of otservations
and the mumber of time measurements. &, and S, are ir 1/calibers and [

v iz in nd.ug/cnlibor. v may be converted to gun twist 1z n by the
relition n = & . .

Y

In Table C-5, the aerodynamic dsta for mcdsle possessing mean
squared yaws of over thirty sguare degrees can bs found. Table C=6
gives values of Magnus force ccetficients measured from the swerving
motion of those models whose Magms sworving motica, (Re),, is greatsr {

et .02 inches. 3ing) tle Jstanistical error of the -arious hallistic
v fficients wae foirly uniform for modsi types possessing tue same spin,
only vercssentativs values are given in Table C~7. Mnally the turnirg
rates of the two enicycle arus are providesd bty Table C-8.

el btk TN SRS

T aad 0 v,mm—:n p
- ;..u-MJM 3
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tem for the models should be

In conclusion ths numbering 7ys
following table for thrs five

described. This can be aone by the
caliber length mcdels.

6«01 to 5=29 Forvard C.m.
Se3i %o 559 Midale Cole
S~61. to 5-69 Rear c.a.

Large yav (822%°9)
vided 1n the 3ame

591 to 5-99

The mumbers for the 7 and 9 caliber langth are &l
wag.
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